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Mexkpernonajbaas MHOTOnpoduIbHas oaumnnaa ['Y-BIITD 2010.
MAT%MATI/IKA, 9 kJacc.

9 kacc

B sapuanme 6 3adau, pewenus ecex 3a0a4 00AHCHBL ObiMb 3aNnUCGHbL NOIPOOHO CO 8CEMU
BLUUCAEHUAMU, 00BACHEHUAMYU U J0KA3AMEALCMEAMU. 30004U MOHCHO PEULGMD 6 AH0O0M
nopadke.

1. Moxmno Jin Ha miockoctu ormeruts 2010 Touek Takum 00paszom, 4Tobbl JII0O0H TpeyroJib-
HUK C BepIInHaMM B OTMCYE€HHBIX TOYKaX 6bIJI TyﬂoyFOﬂbeIM?

2. Dabdbl CAUTAIOT TMECTH3HAYHOE YNUCI0 CUYACTAUBBIM, €CJTH CyMMa HEPBLIX Tpex mudp
OTJIMYAETCS OT CYMMBI TPeX MOcjIeHnX nudp Ha 9ucI0, Kparaoe oguHHamanarn. CKOTbKO
CYIIECTBYET TbPUICKUX MTEeCTU3HAYHBIX CUYACTINBBIX YHCEes?

3. Okpy=xuoctu S1, Sy u S3 ¢ nenrpamu O, O, u O3 npoxoadar depe3 Touky F. M3BectHo,
YTO BTOpas TOYKA IepecedeHus OKpPY:KHOcTel Sy u S3 JexKuT Ha npsamoit F'Oq, a Bropasd
TOUKA IepecedeHust OKpY:KHocTel S; u S jexkuT Ha upsamoit F'Os. Jlokaxkure, 9T0 BTOpas
TOYKA Iepecedenust OKpyzkuocTeit S, u S jexut na upsamoit F'Os.

4. Nmeerca 2n — 2 1OMHUHOIIKHN pa3Mepa 2 X 1, KaxKjast 3 KOTOPbIX pacKpallleHa Tak, 9TO
OJINH KBaJpPaTHK — 4YepHBIH, a Apyroii — Oesbiit. V13 HUX BBIKJIAIBIBAETCSA PaMKa KBaJpaT-
HOM (DOPMBI CO CTOPOHO, J7TMHA KOTOPOH n KBaapaTukoB (puc. 1). CKOJBKO pasIumdHbIX
4epHO-0e/IbIX OPHAMEHTOB MOXKHO BBLIOXKHTH TaKuM oOpaszoM? OpHaMEHTHI, COBIAJIAIONIHAE
IpPU OBOPOTE KBaJpaTa, CIUTAIOTC PA3HBIMHU.

W%j%j%jﬁ

.
.
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Puc. 1. Pamvmka u3 10MuHO €O cTOpOHO# 9.

5. Nmeerca nabop n3 HECKOJIBKHUX OJNHAKOBBIX KYOUKOB, pACKPAIIIEHHBIX B YePHBIN U OeJIbIit
nBet (Kazkas rpaHb OKpaIleHa B OJIMH 1BeT). Bee KyOuKM pacKpalieHbl To-pa3HoMy, i, bosree
TOTO, eCJIn JII00bIe I1Ba KyOnKa n3 3Toro Habopa Kak yroJaHO TOJ0KUTH Ha CTOJI, TO UX MOYKHO
OTJIMYIUTH OJIUH OT JAPYTOro, He MOJHUMA CO CTOJa, & CPABHUBALA TOJBKO PACKPACKY BUIUMBIX
naTH rpaneit. Kakoe Hambosbiee KOJIHIeCTBO KYOUKOB MOYKET OBITH B 9TOM Habope?

6. Ecnu HeKoTOpoe YeThIpeX3HATHOE YHCJI0 YMHOKATH Ha YHCJIO, 3AMUCAHHOE TEMHU 2Ke -
pamu B 0OpaTHOM IOPSIJIKE, TO HOJLYYUTCHd BOCbMU3HAYHOE YUC/I0, Y KOTOPOI'O 1OC/I/IHIE TPU
nudpe myau. Haiiaure Bce Takue duciia.
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Mexkpernonajbaas MHOTOnpodmIbHas oaumnnaa I'Y-BIITD 2010.
MAT%MATI/IKA, 10 kuacc.

10 kace

B sapuanme 6 3adau, pewenus ecex 3a0a4 00AHCHBL ObiMD 3aNnUcaHbL NOIPOOHO CO 8CeMU
BHUUCAEHUAMU, 00BACHEHUAMY U J0KA3AMEALCMEAMU. 30004U MOHCHO PEULGMD 6 A0OOM
nopadke.

1. Moxmno Jin Ha miockoctu ormeruts 2010 Touek Takum 00paszom, 4Tobbl JII0O0H TpeyroJib-
HUK C BepIInHaMM B OTMCYE€HHBIX TOYKaX 6bIJI TyﬂoyFOﬂbeIM?

2. Nmeercs 2n — 2 goMuHOIIKE pasmepa 2 X 1, KaxKaasg u3 KOTOPHIX pacKpalieHa Tak, 9To
OJINH KBaJpaTHK — YePHBIH, a Apyroii — Oesbiit. VI3 HUX BBIKJIAIBIBAETCS PaMKa KBaJIpaT-
HOW (bOPMBI CO CTOPOHOM, JTMHA KOTOPOH n KBaapaTukoB (puc. 1). CKOJBKO pasIudHBIX
YepHO-0eIbIX OPHAMEHTOB MOXKHO BBLIOXKHTH TaKUM oOpaszoM? OpHaMEHTHI, COBIAJIAIONINAE
IPU OBOPOTE KBaJpaTa, CIUTAIOTCS PASHBIMHU.

W%j%j%jﬁ

.
.

EE%%EE%W

Puc. 1. Pamvmka u3 10MuHO €O cTOpPOHOI 9.

3. Okpyxuoctu Si, Sy u S3 ¢ nearpamu O, Oy u O3 npoxoaar gepe3 Touky F. 3BectHo,
9TO BTOpPasi TOYKA MEpecedeHusi OKPYKHOCTel Sy m S3 jexkut Ha npsmoit F'Oq, a Bropas
TOYKA IepecedeHns OKpyzKHocTelr S u Sy jgexkut Ha upamoi F'Os. Jlokazkure, 9T0 Bropasd
TOYKa Iepecedennss OKpykuocteit S7 u Sy jiekuT Ha npamoit F'O3.

m n
4. JTokazKnuTe, 4TO eCJIU m U n — pasJudHble HaTypaJbHble dnciaa, To unciaa 227 +1n 22" +1
HEe UMEIOT OOINNX TeJIUTEsICH.

5. JIBycToponusd jinHefiKa N03BOISET TPOBOJAUTD HIPIMYIO Yepe3 JBe JAHHbIE TOUYKH, a TaKzKe
npAMYyIo, Tapa/uIe/IbHYI0 JTaHHOl, Ha paccTOAHUU 3cM. Pazienure oTpe30K HAa TPU paBHbIE
YacTHU IIPU MOMOIIY JIBYCTOPOHHEH JUHENKH, He MOJIb3YICh NUPKYJIEM.

6. Ha mimockoctu mana jieKaproBa cucrema KoopauHaT, CyliecTByeT JIM OKPYKHOCTb, Ha
KOTOPO# JIE?)KUT POBHO OJIHA TOYKA C PAIMOHAJIHHBIMH KOODIUHATAMU
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MaremaTuka I[Ipoduar MaremaTuka

11 xnacc

B sapuanme 6 3adau; pewenus doaxrcHbl 6bIMb 36NUCAHBL NOIPOOHO CO 8CEMU
BLIUUCACHUAMYU, 00 DACHEHUAMY U JOKAZAMEALCMBAMU. 3GOAUU MOHCHO PEULAGNL 8 A1000M
nopadre. Bpemsa svinoanenus 3adanud 4 uaca.

1. Moxuo Ju pacmogoxuTh Ha miockocTu 2010 ayden TakuM oO6pa3zoM, ITOOLI HU Uepes
KAKyI0 TOYKY ILIOCKOCTH He IIPOXO IO Oodee IBYX Jyder, KaxK IbII Iy MePeceKaacsa pOBHO ¢
IBYMs IPYTUMHY U JI00BIE TBE TOYKHU HA JIOOBIX IBYX Jy9IaX MOXKHO OBLIO COEIMHUTH JOMAHOMN,
HEJIUKOM COJIePXKAIIeNCa B 00BeINHEHUN DTUX JTyIen?!

2. Cpean Bcex 4eTBepoK HaTypauabHbiX ducena (k,l,m,n), k > [ > m > n, Hanaure Taxyio,
9TO CYMMa % + % + % + % MEHBIIIEe eINHULBI U OJUXKe BCEro K HEM.

3. C HaTypaJbHBIM YUCIOM TPOU3BOAUTCA CJI€IYIOMIASA OMEPAIIA: OTOPACKIBAETCS CaMas pa-
Basg mu(ppa ero AeCATUIHON BAMMUCH, MOCHe Uero K IOJIYIeHHOMY IOCTIe ee OTOPACHLIBAHUI
quCay NpubaBIgeTCsa yaBoeHHAsa oTOpomeHHas mudpa. Hanpumep: 157 — 154+ 2 X 7 = 29,
5 +— 042 x5 = 10. HarypaabHOe 4UCI0 HA3BIBACTCA XOPOIINM, €CIN TMOCIe MHOTOKPATHOTO
IIPpUMEHECHUA BTOﬁ onepanuu moayvdaeMoe 9ucio nepecraet MEHATHCA. HaIL/)I,[[I/ITe HanMEHBIIICe
100-3ra9HOE XOpOIIEe YUCIO.

4. B ocrpoyroasaom Tpeyroasuuke ABC nposegena BeicoTa AA,. H — Touka mepecete-
Hus BoicoT Tpeyroabanka ABC. UsBectHo, uro AH = 3, A{H = 2, a paguyc ONuCAHHOU
okono Tpeyroapauka ABC okpyxHOocTH paBeH 4. Hamawre paccTosHme OoT HEHTpa >TOU
OKpyx)HOCTH 10 H.

5. IlycTh © — Takoe 4ucao u3 uHTEpBata (7/2,7), 910

4( 1 1 )
- | = + =1.
3 \sinx cosxzx

A N 1
3 sin*z  costz

6. Yepes meHTp cdeprl paimyca /2 OpoBegeHH 6 MPAMBIX, MapaLIeIbHBIX peOpaM HeKO-
TOPOrO MPABWIBHOI'O TETPAdAPA. 1OYKHU MEPECEUCHUs DTUX MPAMBIX CO CPEPOU ABIAIOTCI
BEpIINHAMHU BBHIMYKJIOIO MHOIOI'DAHHUKA. Beraucanre 06beM U ILIOMIAIb IIOBEPXHOCTH 3TOIO
MHOT'OTPaHHUKA.

[okaxure, 4TO IUCIO

1eJI0€ M HAUJUTE ero.

Mexperuonaabaas MHOrOIpoduIbHas ornvnuana mkoabHuKoB [Y-BIITD 2010, 2 sran



MareMaTuKa [Ipodpmar Maremaruka

Pemenus 3a1au
11 xnacc

1. Moxno qu pacnosioxkutb Ha 1mockoctu 2010 sydeit TakuMm obpas3om, 4TOOBI HE depes
KaKVIO TOUYKY ILIOCKOCTH He IIPOXOJUJIO OoJiee IBYX JIyUeil, KayK bl Jyd Mepecekascss POBHO
¢ JBYMsl JIPYTHEMH H JIIOObIe JBe TOUYKH Ha JIIOOBIX JABYX JIydaX MOXKHO OBLIO COEIUHUTH
JIOMAHOI, MEJUKOM COJEPIKAIIeicss B 00beTMHEHUN ITUX JIydeii?

Pewenue. 1o MOXKHO caenaTh. BoT omHa 13 BO3MOXKHBIX KOHCTPYKInid. Ecan A1 As . .. Asgig
— npaBuabHbIH 2010-yrosbHUK, TO Habop ayueit Ay As, AsAsz, ... AsgipA1 yaosierBopsier
yCJI0BHIO 3a1a4uu. B camoMm mese, juist Ji060it mapel Touek M € ApAii, N € AjA; ., e
k < I, nomanass M A1 Agio... AyN nemukom jiexkut B o0beaunenun jganabix 2010 jiydei.
Jloxkazkem, ato jiyd Ay Ay 1 Iepecekaercst TOJBKO € ABYMsI COCeTHUME Jiydamu. JleficTBuTe b
HO, 6e3 orpaHnyYenus OOIIHOCTH MOXKHO cuuTaTh, uto k = 1. Torna, ecim 1005 < [ < 2010,
10 Jy4 A1 As MOTHOCTBIO JIEXKUT B OJHON HOJIYILIOCKOCTH OTHOCHTEIbHO mpsaMoit A;A;. 1, a,
ecam 2 < [ < 1005, To ya A; A1 TOJTHOCTHIO JIEZKUT B OJIHOM TMOIYIIOCKOCTH OTHOCHTEIHHO
npamoit A;As. CremoBarensho, ayd A A; mepecekaeTcs TOIBKO ¢ rydamu As Az m AsgipAy.
Omeem: MoxHO.

2. Cpenn Bcex deTBepoK HaTypasbHbix qucen (k,I,m,n), k > 1 > m > n, Haiiure TaKyIo,
4T0 CyMMa % + % + % + % MEHbIIIe eIMHULBI U OJIM2Ke BCero K Heii.

Pewenue. Bo-1epBbiX, 3aMeTUM, 9TO IPU HOMOIM “7KaJHOTO ajroputma’ (T0 ecTb BbIOH-
pasi mOCAe0BaTebHO YHCaa N, M, [, k MaKCHMaJbHO BO3MOMKHBIMHE), MOJIY9IaeM YE€TBEPKY
(43,7,3,2):

1/43+1/74+1/3 +1/2 = 1805/1806.

Takum obpazom, ajsi uckomoit 4dersepku (k,l,m,n), umeem 1/k + 1/l +1/m + 1/n >
1805/1806. Jleasi 4acTh 3TOTO HEPABEHCTBA OlEHMBaeTCs cBepxy Kak 4/n. ChemoBarenb-
HO, N < 3, TO ecTb N = 2 wau n = 3.

[Ipeanosoxkum, ato n = 3. Torma 3/m > 1805/1806 — 1/3, 10 ectb m < 4. 3Hauwur,
m = 4. Hanee, 2/1 > 1805/1806 — 1/3 — 1/4, To ectb | < 4, mpoTHBOpETHE.

Takum obpazom, n = 2. lonycrum, m = 4. Torma 2/1 > 1805/1806 — 1/2 — 1/4, 10 ecthb
[ < 8. Kpome toro | > 5 (rak kax [ > m) u 1/k > 1805/1806 — 1/2 — 1/4 — 1/5, 0 ectnb
k < 20. 910 3naunt, uro kimn < 2-4-8-20 = 1280 < 1806, TO ecTb

1— (1/k+1/l+1/m+1/n) > 1/(klmn) > 1/1280 > 1,/1806,

u derBepka (k,l,m,n) He onTUMAJBHA.
Homyctum, m > 5. B mobom cayqae, 3/m > 1805/1806 — 1/2, to ectb m < 6. Torga
2/l > 1805/1806 — 1/2 — 1/5, o ectb | < 6. Kpome Toro, [ > 6 (rx. [l > m) u 1/k >

Mexkpernounasibuast Mmuaoronpoduibuas oaumnunasa mroapbaukos ['V-BIITD 2010, 2 sran



MareMaTuKa [Ipodpmar Maremaruka

1805/1806 — 1/2 —1/5—1/6, to ectb k < 7, u klmn < 2-6-6-7 = 504 < 1806. Orcrona
AHAJIOTUIHBIM 00pa30M 3aKJI09IaeM, 9To detBepka (k, [, m,n) He onTuMaIbHA.

Ocraercs ciayuait m = 3. Torpa 2/1 > 1805/1806 —1/2—1/3, 1o ectb | < 12. Ecau [ > 8,
Tto 1/k > 1805/1806 — 1/2 — 1/3 — 1/8, 1o ectb k < 24. Tlonyuaem klmn < 2-3-12-24 =
1728 < 1806, a 3T0 3HAYUT, YTO YeTBepKa He onTuMasbHa. CiaegosarenbHo, [ = 7 u k = 43,

TO eCTh ONTHMAJbHAA YeTBepKa ObLIa HajijeHa ¢ caMoro Havaja.
Omeem: (2,3,7,43).

3. C marypa/IbHBIM YHCJIOM IPOU3BOJUTCS CJIEIYIONas OIepalys: OTOpachiBAeTCS caMasd
npaBas nudpa ero JIecAaTUIHON 3aIllMCH, IIOCJIe Yero K MOy YeHHOMY Hoc/e ee 0TOpachiBaHNus
qucy npubaBiseTcs yaBoenHas orOpornennas mudgpa. Hanpumep: 157 — 15+ 2 x 7 = 29,
5+ 0+ 2 x5 =10. HarypajibHoe 4uc/io Ha3bIBAETCS XOPOIIUM, €CJIH 1I0CJ€ MHOTOKPATHOT'O
HpUMEHEHHUS ITOH ONepaluy Moy4aeMoe Yucjio mepecraeT MeHdaThed. Haiiiure nanmmenbiinee
100-3ra9HOE XOPOTTIee YHUCIO.

Pewenue. Bo-tiepsoix, 3amerum, 410 4uc/ia oT 1 10 18 He dBIAI0TCH XOPOIIUME, TTOCKOJIBKY
OITMCAHHOE TPEoOPA30BaHNEe TIEPEBOIUT UX JAPYT B JAPYyTa 1O MUKJIY:

1-2—-4—-8—-106—-13—-7—-14—-9—-18—-17—15—-11—-3—-6—12—5— 10— 1.

Yucso 19, HAIPOTHB, ABIAETCA XOPOIIUM. 3HATHT, JI000€ YUCJI0, U3 KOTOPOT'O B pPe3y/brare
HECKOJILKUX ITpeo0pa3oBanuii moaydaercs 19, Takke gBISETCS XOPOIIUM.

Hanmensnree 100-3aaunoe unciao — 31o 10%9. feno, uro ono He gpigeTcs XOpOIIUM, T.K.
npeobpazoBanue, npuMenénnoe 99 pas, mepeBoJUT €ro B €JUHHUILY.

Tenepnb paccMoTpuM ciejytomiee 3a uum uuciao, 10% + 1 =100...001 (Bcero 98 ny.eit).
HecstoxkHo 1poBepuTh HEIOCPEICTBEHHO, YTO OHO Xoporiee. JleficTBUTE/IbHO, peodbpa3oBa-
Hue, npuMenénnoe 90 pas (T.e. msTh MUKIOB JHHBI 18), mepeseér ero B uncao 1000000001.
Hamee,

1000000001 — 100000002 — 10000004 — 1000008 — 100016 — 10013 — 1007 — 114 — 19.

Buaunt, 10% + 1 1 ecTh HamMeHbIIEE XOPOIIEe CTOZHATHOE THCIO.
Omesem: 10% + 1.

4. B octpoyronbaom Tpeyroibuuke ABC nposenena Boicota AA;. H — Touka nepecedenunst
BoicoT Tpeyroabanka ABC. N3zBectho, yro AH = 3, A{H = 2, a paanyc OnuCaHHON OKOJIO
tpeyrosbuuka ABC okpyzxnoctu pasen 4. Haiijiure paccToguue oT MeHTpa 3TO# OKPYKHO-
cru g0 H.

Pewenue. TIposeaem B Tpeyrosbunke BoicoTbl BB u C'Cy. Torna versipexyroabaunk ACT H By
BIIMCAHHBIH, IIOCKOJIBKY €ro IMpOTHBONOIOXKHBIE Yyl C7 u By npsmbie. 3uaunt: /BHC =
(C1YHB; = 180° — /C1AB;. OTpasum ToYKy H CHMMETPHYHO OTHOCHUTEIbHO mpsiMoii BC' u
0003HAYUM TOJXydHBIIyIOCs TouKy 4epe3 Hq. Torna /BHC = /BHC = 180° — /C1AB;,

Mexkpernounasibuast MmEOronpoduibaas oaumnuasa mroapbaukos ['WY-BIITD 2010, 2 sran



MareMaTuKa [Ipodpmar Maremaruka

cTaJI0 OBITh, YeThipexyroabHuk BAC H, BOucaHHBIE W TOYKA Hi J€KUT HA OKPYZKHOCTH,
ommcaHHoi okoJsio Tpeyroabauka ABC. O6o3Ha4YuM meHTp Toi oKpyKHOCTH Yepes (.

[To nocrpoenuto umeem H1 Ay = HA, = 2, ciaegoBarejbHO, B paBHOOEAPEHHOM Tpe-
yroabanke OAH, ocaopanne AH; paBao 3 + 2 4+ 2 = 7, a 60KOBast CTOPOHA pPaBHA PAINYCY
OKpy2KHOCTHU: TO ecTh 4. BricoTa, omylennas Ha OCHOBaHUe, paBHA

VA2 —(7/2)2 = V15/2,

a paccrostane ot ocuosanust O vroit Bercorst 10 H pasno AH,/2 — AH =7/2—-3 =1/2.
CaenoBaTesbHO,

OH = /00 + O H? = \[(V15/2)2 + (1/2)2 = 2.

Omeem: 2.

5. [Mycrs & — Takoe dnciao u3 uHTEpBaia (7/2,7), 910

4 ( 1 1 )
el + =1.
3 \sinx coszx

AV . 1
3 sin*z  costx

Pewenue. Hns xkpatkocTn, BBegeM obo3HadeHus s = sinz, ¢ = cosx. Haiigem umcno t =
1/cs. Jlins sroro sosseaem coornomenue (s 14+c~1) = 3/4 B xpagpar. Ioayunm s2+c2+2cs =
9(cs)?/16. Yuurbiag, uro s* + ¢ = 1, nojayuaem Takoe KBaJpaTHOe ypaBHEHHE Ha t:

t2+ 2t —9/16 = 0.

Jlokakurte, 9TO YUCJIO

meJjioe u Haiiaure ero.

Dto ypaBHenne umeer nsa pertenus 1/4 u —9/4. TTockoabKy ¢S 10MKHO OBITH OTPHIIATEIBHO,
nostydaem t = —9/4.
Paccmorpum mocseoBarensuocts A, = (4/3)"(s™" 4+ ¢"). BoiBegeM peKyppeHTHoe co-
OTHOIIIeHHE JIId ducesa A,,.
4n+1

A, (5_1 + c_l) (s_" + c‘") =

= 3n+1

2

4
= AnJrl + _Anfl = An+1 - 4An71~
32cs

Takum obpazom, A,.1 = A, + 44,1 Hoas3ysacs tem, aro Ay = 2, Ay = 1, maxoaum
nocseyomye A, u3 peKyppeHTHOrO COOTHOIIEHMS:

AQ - 9, Ag - 13, A4 =149.

Omeem: 49.
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6. Yepes mentp cdepsl pagmyca /2 mpoBeqeHsl 6 MPsSMBIX, MApA/LIeIbHBIX pebpaM HEKO-
TOPOT'O NMPAaBHJIBLHOIO TeTpa’apa. TOUKU mepecedeHusl STHX HPIMBIX €O c¢epoil dBIIIOTCA
BEPIINHAME BBIIIYKJIOI'O MHOI'OI'PAHHUKA. Bbiuucjimre o0beM U IJI0MA/ b TOBEPXHOCTH TOIO
MHOTOTPAHHUKA.

Pewenue. O6o3naunm Hada bHbI TeTpasdap depe3 1. Y rerpasapa T 6 pebep, modromy 6
npaMbIx mepecekator cdepy B 12 Toukax. CjemoBare/ibHO, ¥ HAIEr0 MHOTOTDAHHUKA, KOTO-
pbiit Mbl o0o3HaYuM depe3 M, 12 pepiuun. [locko/ibKy Bce HpsMble MPOXOJIAT depes3 IeHTpP
cdepsl, MHOrOTPAHHUK M HEHTAIbHO CAMMETPUYEH OTHOCUTEJIHHO HmeHTpa cdepnl O.

PaccmorpuMm Tpu npsiMble, TapaJjieabHbie TpeM pebpam TeTpasapa 1, IpOXOAsSIuM de-
pe3 ¢dukcupoannyio Bepuinny A terpasgapa 1. Beibepem Ha KaxKa0fl n3 HUX HAIpPaBJIe-
HHUE, COOTBETCTBYIOIEE TIPOIOIKEHIIO COOTBETCTBYIOETo pebpa TeTpa’apa 3a Bepumuay A
U PACCMOTPUM TPH Jyda, BBIXOJSIIUE U3 MeHTPa cdepbl B YKa3aHHBIX HAIPABJICHUAX. DTH
JIy9U TMOTMAPHO COCTABJISIOT JIPYT ¢ APYyTroM yroJ 60°, moITOMy TPU TOYKHM UX TepecedeHus co
cdepoit BMecTe ¢ eHTPOM cephl ABIIIOTCS BepIIMHAME IIPABUILHOIO TeTpadIpa, CTOPOHA,
KOTOpPOro paBHa paJjuycy cdepbl. I'panb 310ro rerpasipa, odOpazoBaHHas TpeMs JIezKAIUMU
Ha cdepe BEepHIuHAMU, ABJIAETCH, OYEBHIHO, 'PAHBIO HAIIET'O0 MHOT'OIDAHHUKA.

[Ipu paccMoTpenun Tpex JIyudeid, JTOMOJTHUTEIHHBIX K OMUCAHHBIM BHITIE, MbI TIOJIYYHM eIlie
OJIMH TETPa’dIP, MeHTPAIbHO-CAMMETPUYHBIA TOJHKO UTO OIUCAHHOMY, H, COOTBETCTBEHHO,
erie OJHY TPEyTroJbHYIO I'PaHb HAIIEro MHOTOI'DAHHUKA.

[IposesbiBag TO )Ke camoe ¢ KaxK/I0# BepIIMHOMi TeTpasd/ipa ', Mbl HOJIyYUM B pe3yJibrare 8
HPABUJILHBIX TETPAYIOB, COAEPKAIIUXCA B HAIIEM MHOT'OIPDAHHUKE, U, COOTBETCTBEHHO, § €ro
rpaHeil, sIBIAOIMINXCS MPABUIBHBIME TpeyrojbHuKamMu. OObeM KayKI0r0 TaKOTO TeTpasdapa
paBeH, KaK HeTPYIHO MOCYUTATh, 1/3, a IUIOMAIb OJMHON IpaHH, COOTBETCTBEHHO, \/3/2.
CaemoBaTeabHO, BKJIAJ HAHIEHHBIX TETPAdIPOB B 00beM MHOTOTpAHHWKA paBeH 8/3, a B
MJI0MAIb TTOBEPXHOCTH, COOTBETCTBEHHO, 44/3.

BadukcupyeMm Tenepb Kakoe-HHOyIb pebpo a terpasapa 1. PaccMorpum Tenepb 4eThipe
HMPOXO/IANINAX Yepe3 MeHTP cephl JIyda, Mapasie/lbHbIX YeThipeM pebpaM TeTpasipa, CMexK-
HbIM ¢ pebpoM a. (Kak u B mepBoM paccMOTpeHUH, BHIGEpEM Ha KarKJIOM M3 HUX HalpaB-
JIEHHE, COOTBETCTBYIOIIEE ITPOIOKEHUIO COOTBETCTBYIONIETO pedpa TeTpa’apa 3a BepIIUHY,
NPUHAITIEKAILYI0 pebpy a.) OueBHIHO, 9TH YeThipe Jiyda IepecekaioT cdepy B dYeThpex
TOYKAX, 00Pa3yOIMX BMECTE C IEHTPOM C(hepbl MPABUIbHYIO Y€ThIPEXYTOJAbHYIO TUPAMULY,
OCHOBaHHE KOTOPOil ABJIAETCS I'PAHBIO HAIIET'O0 MHOTOrpaHHUKA. Kak HeTpy/IHO MOJICYNTATD,
ILIOIA/Ib OCHOBAHUS PaBHA 2, a 06beM MUPAMUJIbI, COOTBETCTBEHHO, 2/3.

KoandyecTBO TaKMX YeTHIPEXYTOJBHBIX IMHPAMHUI PABHO YHCJIY pedbep, T.e. 6, MOITOMY
BKJIaJI UX B 00beM paBeH 4, a BKJaJ B ILIOMIAIL TOBEPXHOCTH, COOTBETCTBEHHO, 12.

Ocrasioch yoeuThbCst B TOM, UTO 9TH 8 TeTPa’3ipoB 1 6 4eThIPEeXyTrOAbHBIX THPAMUJ HCIEP-
IBIBAIOT Hall MHOTOrpanHuK. (O4eBHaHO, 9TO BCe 5TH 14 HpaMu HOMAPHO MepeceKarTCs
TOJBKO O TPAHUIE.) DTO MPOIe BCero ceiarTh, HAPHCOBAB €ro 3CKW3. 3aMeTHM CHadasa,
YTO TPH MpgMbIe, TapajLiebHble TpeM pedpaM OCHOBaHUS HAYAJIBLHOIO TETpadapa, JiexKaT B
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OJHON IJIOCKOCTHU (¢, KOTOPad PacCeKaeT HAIl MHOTOTPAHHUK IO MPABUJABHOMY HIECTUYTOIb-
HUKY, BIIHCAHHOMY B OKPYKHOCTL OOJIBIIIONO Kpyra, 0 KOTOPOH ILIOCKOCTH (v pacceKaeT
chepy. 9TOT HIeCTUYI'OJIbHUK JICJINT Halll MHOI'OI'PaHHUK Ha AB€ HEHTPAJIbHO-CUMMETPUYHbLIC
YaCTHU, MO3TOMY JIOCTATOYHO HAPUCOBATH ICKU3 OJHON U3 JAByX nojoBun. Ha Bepxueit mory-
cepe nmeeTcs erne TOJIHKO TP BePITHHBI MHOTOT PAHHUKA, 00Pa3yIoliue TPeyroJabHYI0 'paHb
b, MOJIYYEeHHYIO ONKUCAHHOM BBINIe KOHCTPYKIKEH. JIerko BuaeTh, 4To rpanb b napaJieabHa
IIJIOCKOCTH CEYEHUI (v, U HAJI TJIOCKOCTBIO (v HAXOIATCH ellle pOBHO TPU TaKWe TPAHU, KaXK1asd
13 KOTOPBIX 00pa30BaHa OMHON BEPIIHHON paHu b u ABYMsT OJMKANIIIMHE K HEil CMeXKHBI-
MU BEPIIUHAMHE IECTUYTOIbHUKA. OCTajbHBIE TPU TPaHU, 00pa30BaHHBIE OMHON CTOPOHOI
TPEYTOJIbLHON Tpanu b u OHOoll napaJ/uieibHOl eif CTOPOHOM TeCTHyTroJIbHUKA — KBa/JIPpaThI,
ABAAIONINECSA OCHOBAHUAMM ONMUCAHHBIX BBIIIE YETHIPEXYTOJBHBIX MTHPAMU,.
CaemoBaTeIbHO, MBI HCUYEpIAId BeChb MHOrorpaHHuk M, Tak 4To ero odbeM papeH 12 +
44/3, a naomap nopepxnoctn 4 + 8/3 = 12/3.
Omeem: Obnem pasen 12 + 4v/3, wionan nosepxuoctu pasna 4 + 8/3 = 12/3.
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Maremaruka 1 Jtst cayKe6HOro moaL30BAHIS

Mexpernonaabuaa Muoronpodwisbaas ogumnuaga 2010, BTopoii stan
Bapuant 1
Saaaung 1-10
Meroauka IpoBepKu

1. Haiiaure 3Ha9ende napaMeTpa p, TP KOTOPOM CyMMa KBaJIPATOB BCEX PA3IMYHBIX KOPHEH ypaBHEHHS
(%) 2% — (p + 2)2* + 4pz — 22p> = 0 IPHHEMAET HAMMEHBITEE BOIMOKHOE BHATCHE.
423
Pemenne. (1) 2° — (p + 2)2? + 4pz — 22p> = 0 & z(2? — (p + 2)2 +4p — 2p*) = 0
N 0,

22— (p+2)z +4p —2p* = 0.
(2) Haitgmem JUCKPAMITHAHT,
D=(p+2)?%—4(dp—2p?) =p> +4p+4—16p+8p*> =9’ — 12p+4 = (3p — 2)2.
(3) Haitmem KopHH,
T19 = pt2 :l:2(3p 2) ={2p;2 — p}, z3 = 0.
(4) Bamerum, uTO ypaBHeHHe (x) UMEET B 3ABUCHMOCTH OT BEJIUYUHDLI MAPAMETPa, P POBHO J1BA PABIUIHBIX
kopust (pu p € {0; 2; 2/3}) wiu pOBHO TPU PA3AUIHBIX KOPHs (IIPH BCEX OCTATBHBIX 3HAUCHUSX D).
(5) Haitmem cymmy KBaIpaTOB BCEX PA3IUIHBIX KOPHE npu p # 2/3,
S=a?+22+22 =22 +2-p)? =4p>+4—4p+p> =5p°> —dp+4=B(p—0/5)2—4/5+4

= 5(p — 2/5)% + 16/5, FANMERFITEe SHATEAWE JOCTATACTCS IPU P = £ 1 TOrIa S =16/5 = 3,2.

(6) Haitmem cyMMy KBaJIpaTOB BCEX PA3MIHBIX KOpHEN npw p = 2/3, p1 = po = 4/3, ABa pa3InIHbIX KOPHSI
paBHbl B 9ToM caydae 2/3 n 0, S = 16/9 = 1,(7) < 3,2, nostomy Bepnbiit otser p = 2/3. B
2. Hajigure HavMeHbIIee W HAMOOIbINEE 3HAYCHUsT (DYHKITHA
(%) f(x) =3cos*z — 14cos® z — 21 sin? z — 12 cos z.
¢ {-373/16; 29}
Pemienne. (1) f(z) = 3cos*z — 14 cos® 2 — 21sin? 2 — 12cosz
t = cosz,

-~
fz) = 3t* — 1445 — 21 4 2142 — 12t

=3costx —14cos®z — 21 +21cos’z — 12cos & {

t=cosz, .
{f(x) — 34 1483 4 2142 — 124 — 21 Tak kak cosz € [—1; 1], To MHOXKeCTBO 3HAUEHUH (DbyHKIHH (%)

COBITQIAET CO MHOKECTBOM 3HAYEHWIH (DYHKITHH

(%) g(t) = 3t* — 1483 + 21#% — 12t — 21

Ha mpoMexyTke t € [—1; 1].

(2) Ilycrs cHauana dbyuxmus (*«) onpeserena Ha Beedi aucnosoii ocu. Torma ¢ (t) = 12¢% — 42¢% 4 42t — 12

= 12043 — 1) —42(t* — ) = 120t — 1) (P + ¢+ 1) —42(t — 1) = 6(¢t — 1) [2(2 +t + 1) — 7]

=6(t—1)[2t* + 2t +2 — 7t] = 6(¢ — 1)(2¢* — 5t + 2).

5:!:\/mf_ 51\/§f_ 543
4

N2 —5t+2=0&t=
(3) ot + 4 4

gt)=6(—1)(t—2)(2t—1). Oynxnus g(t)

(3a) y6biBaer na nmpomexyrtke t € (—oo; 1/2],

(3b) Bozpacraer na mpomexytke t € [1/2; 1],

(3c) yb6pIBAEeT Ha mMpoMexyTKe ¢ € [1; 2],

(3d) Bospacraer ma mpomexyTtke t € [2; +00),

(4) IIycrs Teneps dyukIms (*)onpegesena Ha npoMexytke ¢ € [—1; 1]. Torga g(t)
(4a) ybeiBaer Ha mpomexytke t € [—1; 1/2],

(4b) Bo3pacraer Ha npomexyTke t € [1/2; 1].

€ {—-1/2; 2}, nosromy

1 3 14 21 12

(5) Hanwmenniiee snavenve g(f) coBuagaer ¢ 4ucioMm 9(5) kT Iy + T 9" 21
3 28 84 3 —28+484 LYY 64—5 ) ) 373
S A T S S e Y LV ot =— 244 o7=-23- > =22
16 16 16 16 16 16 16 16 16

(6) HaubGosbinee suadenue ¢g(t) coBuagaer ¢ GOMBIINM M3 JABYX YHCET
(62) g(—1) =3 + 14 + 21 + 12 — 21 = 29,
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(6b) g(1) =3—-14+21 —12 —21 = —23,
nosToMy HambobIee 3nadenne pasuo 29. W

314z +4
3. Pemmre HepaBeHCTBO 10gg 1,2 1 1,128 1$5 + 40 <L
¢ 2c (012900105
3 1422 + 402
PeIJ_IeHI/Ie. (1) 10g0,1$271,1$+2,8 15 < 1
[ ( 22—11x+28 > 1,
2?14z’ 140z ~ 2°—11x 128
15 = 0
| 3—14x2+40x<1 2% — 11z% 4 28 %M)
= ng2_1110x+28 15 X ng2_1110x+28 T A 0<Z 71110x+28 < 1’ <
2?—142°+40x ~ «?—11lx428
—111x5+28:n g 10 7
- _ B = 10 >0,
(x —=2)(xz—9) >0, z € (—o0; 2) U (95 +00),
T —4)(272 — 23z + 21) <0, z € (—oo; 1] U [4; 10,5], € (0: 1]
z(x —4)(z — 10) > 0, z € (0; 4) U (10; +00), C
& & 10; ., A
(x— 9z —7) >0, v (—oo U (7 +oo), 7 |TELT O
(x —2)(z—9) <0, 336(2;9) e
| [ (z —4)(22? — 23z + 21) > 0, | Lz € [1; 4 U[10,5; +o0),

4. /i 3aATE TEHHOI0 o6opyLLOBaHHH OT HEIOroABl TpebyeTcs M3TOTOBUTH NAJATKY B (popMe
MUPAMUJIBI, B OCHOBAHWN KOTOPOI JIOJIZKEH JIEXKATH MPAMOYTOJBHUK, a OJIHO W3 DOKOBhIX Pebep HOKHO OhITh
NEPHEHIUKYIsIpHO ocHoBaHUO. Hafiqure Hanbo bl BO3MOXKHBIH 00beM MANATKA MPH YCJIOBUHA, UYTO HU OJJHO
3 pebep MUPaMUALI HE JHOKHO OBITH JJIMHHEE 2 METPOB.

4 8/(9V3).
Pemienune. (1) IlycTh B OCHOBAHUU JIEKHUT NPSIMOYTOJBHUK, CTOPOOHBI KOTOPOTO PABHBI & W Y, & BBICOTA

paBHa z. [lorga ycioBust 3a/1auu paBHOCUJIbHBI TPEOOBAHUIO HAUTH TAKUE L, Y, 2, YTO % = max Ipu

o;LHOBpeMeHHOM BoInoHennn yeaosuii 0 < 2 <2, 0< yK2,0<2<2, 0K Va2 +22K2,0 < Vy? + 22 <2,
0 < /22 + 42 + 22 < 2. 1a cucrema ycnoBuil pasHocIIbHA cucreMe z > 0, y > 0, z > 0, 2 4 y? 4+ 22 < 4.
(2) Ilycrs nanaTka HanOOILIIEr0 0OBLEMA MMEET BBICOTY, paBHYIO 2. Jlokaxkewm, uro x = y. [lpu 3amannom z
yCJIOBUE TYZ \y max PABHOCHILHO VCIOBHIO {x2> 0,2y > (2)’ LY = [max, {x2> 0,2y > 0, ny:> max. g

3 ety +z7 <4 Yy +yt <4 -2
COOTBETCTBHU € HepaBeHCTBOM Komm, £ =y = /4 — 22
(3) Takum 006pA30M, B OCHOBAHHH JIEXKHUT KBaJpaT co cTOpoHOi x. Torga ycaoBust 3a/iauu PaBHOCHIbHBI

TpeOOBAHNIO HANTH TaKHe &, Z, ITO = max IIPU OJTHOBPEMEHHOM BHITTOJHEHNH yeoBuit 0 < o < 2,

Dy

- 4—2?).
0<2z<2 22%+ 22 <4, 2 =4 — 22 Pacemorpum dyukimio f(z) = % u ycaosue f(z) = max &
4-22). ‘
Wﬁmax@@ 7?) -z = max & 4z — 2° = max. Iycrs g(z) = 42 — 2°, ¢'(2) = 4 — B2,

4-32=0upuz=2 / V3. UccnenoBatie 3sHAKA MPON3BOIHIION MOKA3ZBIBAET, UTO ITO TOUKA MAKCHMYMA.
(4) Taxnm obpasom, 22 + 12 +22 =4, 322 =4, 2=y =2 =2/V3,V = 2*/3 = 8/(9v/3). &

5. B navase roja npeAnpuHIMaTENb B3 Ha rog Kpeaut B 6anke A na 80% tpebyemoit eMy CyMMBbI O
n% TOJOBLIX, OCTAJIBHBIE JIEHBTH 3aHsLT Ha 1oj] B Danke B mox 3n% rogosbix. OyiHako W3—3a KPU3KUCa B KOHIE
ro/la PacIIaTUTLCA He CMOT M €My TPUNLIOCH MTPOIIUTE [TOTOBOP B KaXKJAOM OaHKe ellle Ha [0JI, MpuieM DaHK
A yeranosun emy Ha BTopoii roj 2n% romoebix, a 6ank B ycranosun 4n% romoseix. B pesynbrare oH BEpHYJI
depes aBa ToJa Bcero 1440 y.e., B TO BpeMs KaK ILUIQHUPOBA BepHYTH depe3 roxa Y60 y.e. Haiianre Besmauny
BKJaJa n OAHKOBCKUU MPOTIEHT B KaxKJT0M OaHKe.
¢ B COOTBETCTBHH ¢ YCIOBUAME 3aJA9H, BOSMOKHO B4 BepHBIX oTBeTa. (1) B mepssiii rog 600 y.e. u 20%, 150 y.e. u 60%. (2) B
nepsoiti rox 544 y.e. w 500/17%, 136 y.e. m 1500/17%.

Mexpernonanbuas MHOTOTpoduIbHas omuMiuaia 2010, BTopoit sTan



MaremaTuka 3 st cayKebHOTO MOML30BAHMIS

Pemenne 1. PemuM 3aja4y B IPeANOaoKeHUH, MTO IPOCPOYEHHBIE BLIILIATEHI IPONEHTOB 10 KPEIUTY
KallUTAIU3UPYIOTCS, T.€. HeyIIadeHHble IPONEHTHI NPUOABISAIOTCS K OCHOBHOM cyMMe mosra. Ilycts Bes
cymMMa Kpegura paBHa dm u 2 = n/100. Torma MOTHBLH ZOIT 0 COCTOIHWIO Ha OKOHYAHWEe TMEPBOTO ToAa
paser 4m(1 H z) + m(1 + 3xz). B coorBercrsuu c yenosuem 3amaqu, dm(l + z) + m(1 + 3z) = 960. Dra
BeJINYMHA PACCMATPUBAETCS KaK CyMMa KpeauTa Ha BTopoil rofa. Torjga MOJHELI JOIT IO COCTOSTHIIO Ha
okonuanue Broporo roga pasen 4m(1 + z)(1 + 2x) H m(1 4+ 3z)(1 + 4z). B coorseTcTBUn ¢ yeaoBueM 331240,
Am(1 + z)(1 4+ 2z) + m(1 + 3z)(1 + 4z) = 1440. Permasi cucremy

m >0, x>0,

4m(1 4 z) + m(1 + 3z) = 960, METOJ/IOM HCKJIIOYMEHWs], IOy UM E/JAHCTBEHHOE PEIIeHIe

Am(1 4+ z)(1 + 2z) + m(1 + 3z)(1 + 4z) = 1440
m =150, z=0,2. A
Pernenue 2. Pemwmm 3371a9y B MPEANOIOKEHAN, MTO TPOCPOUEHHBIE BBIILIATHI TIPOIEHTOB 10 KPEIUTY He
KaIUTaIU3UPYIOTCS, T.€. HeyTLUIadeHHbIe TPOIEHThI He TPUbABILIOTC K OCHOBHOMN cyMmMe posra. IIycts Best
cymMMa KpeauTa pasaa bm n x = n/100. Torga mOTHBLH 0T 10 COCTOSHIIO Ha OKOHYAHHE TIEPBOTO TOJa PABEH
Am(1 4+ z) + m(1 + 3z). B coorrercrrun ¢ yenosuem 3ajaun, 4m(1l H z) + m(1 4+ 3z) = 960. Tosnbiii gosr mo
COCTOSTHUIO Ha OKOHYaHHEe BTOpOTo rojia paseH 4m(1 H z + 2z) + m(1 + 3z + 4x). B coorBercTBHE ¢ yeaoBuem

m >0, x>0,
sagaan, 4m(1 + 2 + 22) + m(1 + 3z + 4z) = 1440. Pemas cucremy < 4m(1 + z) + m(1 + 3z) = 960,
4m(1 + 3z) + m(1 + 7z) = 1440,

METOJIOM UCKJIFOUEHUST, TIOIyIUM euHCTBeHHOe permenne m = 136, z = 5/17. B
y =pa® —q,
2y + |6z — 3|y|| = 12

6. Haitgure BCe sHAUEHHs MapaMeTPOB P ¥ ¢, TPU KOTOPLIX CACTEMA { nMeeT

POBHO TPHU PENIeHU.

’ {q:_12/5a {q:12:
p € (—o0; =3/5) U [0; +00), | p € (—o0; —1/40) U 10; 2) U (3; +o0).

Perterne. (1) MuoxecTso Tovyek Ha miockoctu 2y + ‘|6x| — 3|y|‘ = 12 cummMmerpuuHo oTHOCHTENBHO ocn OY.
Hapucyem ero mpaByo moIoBHHY,

(%) {Qy + HG:U\ — 3|y|‘ =12,

z>=>0
2y + |6a: — 3|y|‘ =12,
<:>{x20
[ (y = (62 +12)/5,
] i 0<z <3,
([f2y+ |6z —3y| = 12, ([ [y =16/52+12/5, 12/5x<y<6
y > 2, y > 2, 6w 12,
2y + 6z — 3y| = 12, = 6z — 12 ; |
Yy Yy Yy ’ 2<z<3
0 <y < 2, 0<y<2z, 0<y<6
& 2y + |62 +3y| =12, < y=—6/5c+12/5, < y;%_\sx7+12)/5
—2r <y <0, -2z <y <0, 2<x < +00
2y + |6z + 3y| = 12 = —6z — 12 N ’
Yy Yy ) Yy ’ 0>y >—o0,
L y<_2$7 L y<—2$, y:—6(I}—12
> > 7
(2 >0 vz 20 0< 2 < +00,
| (-122y > —c0,

TakumM 06pazoM, MHOKeCTBO (x) 06pazoBaHo

orpeskom AB, tiae A(0; 12/5), B(3; 6),

orpeskom BC, tae B(3; 6), C(2; 0),

HOJIYNIPAMOl v, HaduHatommeiicss B touke C(2; 0), u mpoxoasimeit uepes rouky [M(7; —6),

U NOJynpsMoii [, HaunHatomelicss B Touke D(—12; 0), u poxoasiimeii gepes Touky N (3; —30).

(2) Tax xak TpebyeTcss HEUETHOE YHCIO PENIEHHii, TO OJHO U3 HUX JOJKHO COOTBETCTBOBATEL L = (), mosTOMY
g € {—12/5; 12}.

(3) Ilycte ¢ = —12/5 u p > 0, Tak gto mapabona y = pr — ¢ HallpaBJieHa BeTBIMHE BBepX. Toraa poBHO Tpu
pemtenns Gyger (3a) wi npu ycaosnm, 9To mapabosa y = pr’ — ¢ mepecekaet otpesok AB, p € [2/5; +00),
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Maremaruka 4 Jtst cayKe6HOro moaL30BAHIS

(3b) wmm pu yciaoBun, 9TO mapabosa y = px® — g mepecexaer orpezok BC, u ee BETBU HANTPABIEHBI BBEPX,
p € [0; 2/5], p = 0 Toxke TOAUTCS, B 3TOM CIyUIae Yy = px2 — q lnuHeliHasi QYHKITUS.
(4) Ilycts g = —12/5 u p < 0, Tak uro mapabona y = px2 — ¢ HaIpaBJieHA BETBAMU BHW3. 'Torma pOBHO TpH
peleHust GyeT IpU YCIOBHE, YTO Napaboiia § = pr> — q IPOXOLUT HHUZKE TOUKH C' U IEPECEKAET HOJIYIPIMYIO
DN. p € (—o0; —3/5).
(5) Ilyctb ¢ = 12 u p = 0, Tax 9ro napaboaa y = px2 — ¢ HallpaBJjieHa BeTBSIMH BBepx. Toraa poBHO Tpu
perenust 6ymer (5a) wiu mpu yCaoBHH, U4TO Tapaboia y = pz? — ¢ mpoxoaut Beme Toukn C 1 TEpeceKaeT
orpesok AB, p € (3; +00), (5b) wimm upu yeaoBuu, 4To napabosa y = pr’ — ¢ UPOXOLUT HUZKe TOUKH B n
nepecekaet noaynpamy CM, p € [0; 2), p = 0 Toxe FOIUTCS.
(6) Ilyctb ¢ = 12 u p < 0, Tak 9T0 mapaboa y = px2 — ¢ HalpaBJieHa BeTBSIMHE BHH3. Torja poBHO TpU
pelenns 6yeT mpH YCJIOBHH, UTo Hapabosa y = pr’ — ¢ He MMeeT oBIUX ToueK ¢ noaynpsamoi CM, u
nepecekaeT noaynpsamy DN, p € (—oo; —1/40). R

7. Ha cropomne AB tpeyroavauka ABC mzata Touxka D. B tpeyronsunke ADC mpoBeeHbl HUCCEKTPUCHI
AP un CQ. Ha cropoue AC tpeyrospauka ADC Basta Touka R tak, uro PR 1 C(@). WUseecTHO, uTO
buccekTpuca yria D tpeyronbauka BC'D neprnenjukyssipaa orpesky PB, AB = 18, AP = 12. Haiigure AR.

L
Pemenwe. [Tycte AB =n, AP =m, AD =¢, AC=b, DP=p, CP =q, BD=DP =p, CP=CR=gq.
c_p
b ¢
Ucnonb3ysa crolicTBO ODUCCEKTPHUCH M (DOPMYILY /I8 IJIUHB OMCCEKTPUCHL, HOJYyYIuM { ¢+ p = AB = n,
m? = bc — pq,
_bp bp __ b
C = — C = — CcC = —
q’ q° q’ ) Bn, 2 ) b2 — o2
b qamn qg)n
Ttp=n, bp+pg=an, §P=7hg m? = S AR Gt w1
2 _pbe m2 = b2 _ m2 = pban _ ,an bt+qg btg b+gq
m- = 7—}?(]7 — Y% by, - qb;rq q +q° )
‘ b—q)(b n 12

b+q
8. Haiiaure Bce TOYKH MUHEMYMa W TOYKH MakcuMyMa dyukimm f(z) = (22 — 3z —9) - V22 — 62 + 9.
’ Lmin € {0, 4} Tmax € {3}

Pemrenne. (1) (2° — 32— 9) V22 —62+9=(22-32-9)-/(z—3)2=(22—-32—-9) - |z — 3|
[ (* -3z -9z —-3)mpuz <3, [ —(z—62%+27) npu z < 3,
_{ (22— 32— 9)(z —3) npuz >3 _{ x2 — 622+ 27 mpu x > 3.
(2) Iycrs g(z) = 2° — 622 + 27. Torma ¢'(z) = 32 — 122 = 3z(z — 4),

e ¢'(x) > 0 na mpomexyTke = € (—o0; 0),

e ¢'(x) < 0 na npomexytke = € (0; 4),

e ¢'(x) > 0 wa mpomexyTke = € (4; +00).
[losTomy dbyukuus g(z)

® BO3PACTACT HA MPOMEXKYTKe = € (—oo; 0],

e y6biBaer Ha mpoMexyTke z € [0; 4],

® BO3pacTaeT Ha IMIPOMEXYTKe T € [4; +oo).

—g(z) npu = < 3,

g9(z) mpu = > 3: 1o bynxma f(z)

(3) Tak kak f(z) = {
e yObIBaeT Ha MPOMEXYTKe = € (—oo; 0],
e BO3pacTaeT Ha mpoMexytke € [0; 3,

e yObIBaECT HA MPOMEXYTKe T € [3; 4],
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MaremaTuka ) st cayKebHOTO MOML30BAHMIS

® BO3PACTAET HA MPOMEXYTKE T € [4; +00).
ITosTomy

e 1 = ( ABJSETCS TOUKON MUHUMYMA,

e 1 = 3 ABJAETCA TOUKOH MAKCUMyMa,

o 1 = 4 sBIsIETCS TOYKON MHUHUMyMa

byukmm f(z). W

9. Haitgure Bce snavenus nepeMmenunix T > 0, y > 0 Takue, 9TO X0Ts ObI IPU OAHOM 3HAYEHWW Z BEPHLI
(z2+1)2 (> +1)?* 502
2 T 2 - 2

T Y 44z

OJTHOBPEMEHHO PABEHCTBA (%)

® (G
Pemenue 1.
(1) Mycrs z = (1+¢)/2, y = (1 —¢)/2, t € (—1; 1). Torna F =

m(xx) z+y=1

(2 + 12 (y*+1)? 112 12
L = (o) 4 (v )
1 1 (1+1t)?2 _ (1-1)? 4 4 2t2 + 2 2% + 2
2 2
— 9 49— 4 = 4 4. 11
CF P2y gt R +(1+t)2¢(1_t)2+ 1 +(1_t2)2+ yCTh
s+1 s+ 1

t? =5¢€(0;1). Torna F = 5 + 8(1 2 + 4. Dra dyukiusa Bospactaer Ha npoMexyTke [0; 1), mosromy
-5

ee HaHMeHbIllee 3Ha4dYeHue gocruraercs npu s = 0, n 3T0 HauMeHbIIee 3HadeHue pasHo [12,5.

(2) Iycrs g(z) =

N3 yenosust 3anauu caexayer, aro F(x,y) = g(z), npuuem F > 0. ITosTomy
50

1

o

50z
44 22

PABEHCTBO MOXKET UMETH MECTO TOBKO npu z > 0. Tlpu 31om yenosuu g(z) =

. Tak Rag 10 yXKe

50 50

T, < T 12,5, npudeM paBeHCTBO MMeET
z

4 /4
VIIOMUHABIIEeMYCs HepaBeHCTBY Ko — F2 2 24/ — - 2z =4, To
z z

MECTO €C/In U TOJIBKO €ClIn % =2>0& z=2.

F=g(z),
(3) Urak, paBeHCTBO (%) PABHOCHJILHO OJHOBPEMEHHOMY BBINOJHEHHIO yejioBuii ¢ F > 12,5, &
g(z) < 12,5
F =125,
g(z) = 12,5 npuydem pasencTso F = 12,5 Bepno eciu u Tosbko ecnin © = y = 0,5, a pasencrso g(z) = 12,5

BepHO ecau W TOMLKO ecnn z = 2. Wl
Perenne 2. (4) Tak Kax ais JOOBIX 4 W U BEPHO HEPABEHCTBO u? — 2uv + 02 > 0, To pu TEX ¥XKe YCJIOBUAX
u + v)?

2u? — 2uv + 20° > u? + 07, 22 4+ 202 > u? + 2uv + v, 2(u® +0?) = (u+0)% U + 0 > 5

2
2 2 2 2 2 2 2 2 :1:+—+y+—)
1 1 1 1 (
KS)HyCTbuz(I—Z),U:(y—z),TomaF:(I—g) +(y+2) =W? 0> i L
T 1y T Y 2
.’L""yQ
(z+y+ )
Ty
P
2 12
(1+2,)
N Y

(6) Tak xak x +y =1, To F > 5

T+
(7) dnst robwix o > 0,y > 0 BepHo HepaBeHCTBO Komw, J

= \/ZY, TOTOMY TIPHU TeX Ke YCJIOBHUSIX
z+y22y/zy. Tak xak z+y =1, 70 1 > 2/xy, 1 > 4zy, wy < 1/4. Ecoum x Tomy xe x > 0,y > 0, To

1 1 1\2
— 2l 1+ — 25, (1 + —> = 25, F > 12,5. Tak kak  + y = 2,/Ty TOJBKO IIPH T = Y, TO
Ty Ty T

coorBeTcTBeHHO F' = 12,5 Tonsko pu © = y = 0,5.

(8) Basepmenue ananornduo pemenno 1. W
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MaremaTuka 6 st cayKebHOTO MOML30BAHMIS

10. Bce pebpa npaBuabHOR YeTLIpeXyroabHoi nupaMuabl SABC D papunl b. BoicoTa mpaBribHOM
qeTeIpexyroabHoii npusMmbl ABC D A1 B1C1 D1 paBHa BRICOTE yKa3aHHOMN nmupaMuiabl, ocHosane ABCD v Hux
obmee. (1) Yepez Tourkn A n C] npoBejieHa MIOCKOCTh v NapaJlIesbHo npsiymoii BD. Haiigure Benuduny
IJIOIIAAN MHOIOYTOJLHIKA, 0DPa30BaBIIEroCs MPH Iepecedenn II0CKOCTH « u nupaMuasl SABCD.

(2) Yepes Touxkn B u Dq nposejiena miaockocts . Hafiaure MUHIMAIBHO BOSMOXKHYIO BEJTUYUHY TJIOINAJIA
MHOTOYTOJIBHHKA, POPA3OBABIIEr0Cs] TIPH MEPECedIeHnn MIOCKocTH £ u mupamuanl SABCD.

¢ 25 /6. DTa BeMuUMHA PaBHA TAKXKE HAMMEHbBIICH TLIOMAIN YKA3aHHOTO B YC/IOBUY 33081 MHOTOYTOJbHUKA.

Perienue.
D, &
%
| 7
| N
//I\\ /// //
Ay | //// /Ir'\/ o /B
7 N}+/\ AN
|/// / \\IP \\
//'p/ // | /% N
A e
4o !
A &= B

(1) BD = b2, DQ = QS, BP = PS, PQ || BD, tpeyronbauku SBD u SPQ nono6mun! ¢ kosdduimentom
noxobust 2: 1, PQQ = BD/2 = b/V2.

(2) ACy = b\/5/2, HN = NS, AN = NC,, AN = AC, /2, tpeyromsauka SMN n CMC) 1o106HbI ¢
Koa(bdmuneHTOM nojobus 1 : 2 NM AC1/6, AM = 2/3 JACH,

(3) Sagcip = —AM QP = \/> \/> [ _ b2\/_

(4) Teopema 1. Z[JmHa 6I/ICC6KTpI/ICbl TpPeyroJibHUKA MEeHbIIie HOHyLyMMbI ABYX TPUJIEKAITAX pTopOH

a + b
JoxkazarenscTro. Jlauua ducceKTpuchl pasHa [, = v/ab — cocp = — oty < — CaCp

4degqep < a+b
 (a+b)? 2

(5) HyCTb npsiMas |4 mapajuienbHa BD1 u npoxomuT depes Touky A, npsimas [g mapasensaa |[BDq u
IIPOXOIUT Yepe3 TOUKy S, nmpsamast [ napasnensaa BD1 u npoxomgut depes Touky C. Ilycts minockocTs |6
TpoxXOaNT Yepes TourkA B, Dq u nepecekaer AS B Togre F, nepecexkaer C'S B ToRe F, niepecekaetr SD B
rouke (. Ilycrs npsamast [ napasiensaa BD1 u npoxomnut depes Touky F, npsamas [p napaiensaa BD) n
npoxouT depes touky F. Torma miomags Muoroyroibauka BEGF paBHa NOJOBUHE TPOU3BEIEHNS JJTHHEBI

orpeska GB Ha pacCcTosuue Mexxay npaMbiMu lg u lp. V3 TeopeMnl 1 Ternepr cieayer, 9To HauMeHbIIIee
BO3MOXKHOE PACCTOSHUE MEXKJTYy NpSMbIME [ 1 [p HMEET MECTO B TOM U TOJBKO TOM ciydae, korjga EF || AC.
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